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Along the general framework of the gauge- invariant perturbation theory developed in 
the papers [K. Nakamura, Prog. Theor. Phys. 110 (2003), 723; ibid, 113 (2005), 481.], 
we re-derive the second-order Einstein equations on four-dimensional homogeneous isotropic 
background universe in gauge-invariant manner without ignoring any mode of perturbations. 
We consider the perturbations both in the universe dominated by the single perfect fluid and 
in that dominated by the single scalar field. We also confirmed the consistency of all equations 
of the second-order Einstein equation and the equations of motion for matter fields which 
are derived in the paper [K. Nakamura, arXiv:0804.3840 [gr-qc]]. This confirmation implies 
that the all derived equations of the second order are self-consistent and these equations are 
correct in this sense. 

§1. Introduction 

The general relativistic second-order cosmological perturbation theory is one of 
topical subjects in the recent cosmology. By the recent observation, the first or- 
der approximation of the fluctuations of our universe from a homogeneous isotropic 
one was revealed, the cosmological parameters are accurately measured, we have 
obtained the standard cosmological model, and so-called "the precision cosmology" 
has begun. The observational results also suggest that the fluctuations of our uni- 
verse are adiabatic and Gaussian at least in the first order approximation. We are 
now on the stage to discuss the deviation from this first order approximation from 
the observational^^ and the theoretical side^-'''^^ through the non-Gaussianity, the 
non-adiabaticity, and so on. To carry out this, some analyses beyond linear or- 
der are required. The second-order cosmological perturbation theory is one of such 
perturbation theories beyond linear order. 

Although the second-order perturbation theory in general relativity is old top- 
ics, a general framework of the gauge-invariant formulation of the second-order 
general relativistic perturbation are recently proposed by the present author. ^^'^^ 
We refer these works as KN2003^) and KN20056) in this paper. Further, this gen- 
eral framework was also applied to cosmological perturbations. We demonstrated 
the derivation of the second-order perturbation of the Einstein equation in gauge- 
invariant manner without any gauge fixing.^) We also showed that the above general 
framework is also applicable when we discuss the second-order perturbations of the 
equation of motion for matter fields.*^ We also refer these works as KN2007^'* and 
KN2008.^'' This gauge-invariant formulation of second-order cosmological perturba- 
tions is a natural extension of the first-order gauge-invariant cosmological perturba- 
tion theory.^)"^^) 

In this paper, we re-derive all components of the second-order perturbations of 



typeset using ^T^TeX.cIs (Ver.0.9) 



2 



K. Nakamura 



the Einstein equations without ignoring any modes of perturbations. In the first- 
order cosmological perturbation theory, the perturbations are classified into three 
types which are caUed the scalar-, the vector-, and the tensor-mode, respectively. In 
KN2007, we ignore the vector- and tensor-modes of the first order when we derive 
the second-order perturbations of the Einstein equation. These modes are taken into 
account in this paper and we show the precise mode-coupling of the these three types 
of the first-order perturbations in the case of the universe filled with a perfect fluid 
and with a scalar fleld, respectively. In particular, in the case of a perfect fluid, we 
see that the any types of mode-coupling appear in the second-order perturbations of 
the Einstein equations, in principle. 

We also conflrm the consistency of all equations of the second-order Einstein 
equation and the equations of motion for matter flelds which are derived in KN2008.^'* 
Further, due to the fact that the Einstein equations are the flrst class constrained 
system, we have initial value constraints in the Einstein equations. Moreover, since 
the Einstein equations include the equation of motion for matter flelds, the second- 
order perturbations of the equations of motion for matter flelds are not independent 
equations of the second-order perturbation of the Einstein equations. Through these 
facts, we can check whether the derived equations of the second order are consis- 
tent or not. In this paper, we do check this consistency. Namely, we show that 
the second-order perturbations of the equations of motion for the matter fleld are 
consistent with the second-order perturbations of the Einstein equations through the 
background and the flrst-order perturbations of the Einstein equations. This conflr- 
mation implies that the all derived equations of the second order are self-consistent 
and these equations are correct in this sense. 

The explicit derivations of the second-order perturbations of the Einstein equa- 
tions without ignoring any mode are not only for the cosmological perturbations 
but also for the post-Minkowski expansion for a binary system. At least in the 
cosmological perturbations with the single matter fleld, it is well-known that the 
vector-mode of the flrst-order perturbation is a just decaying mode. Further, the 
tensor-mode whose wavelength is shorter than the Hubble horizon size also decays 
due to the expansion of the universe, though the tensor-mode whose wavelength is 
longer than the horizon size is frozen. Therefore, in many situations in cosmology, 
we may neglect these modes, safely. However, in this paper, we dare to include 
these modes in our considerations in spite that the expressions of the second-order 
perturbations of the Einstein equations become very complicated. The explicit ex- 
pressions of the second-order perturbations of the Einstein equations are reduced to 
those for Minkowski background spacetime if we neglect the expansion of universe. 
Thus, formulae to derive the explicit Einstein equations of the second order will be 
also useful to reconsider the post-Minkowski expansion for a binary system in gauge- 
invariant manner. Of course, we have to reconsider the regularization procedure 
to treat the self-gravity of the point particles within a gauge-invariant manner to 
complete discussions of the post-Minkowski expansion for a binary system. 

The organization of this paper is as follows. In ^ we briefly review the deflni- 
tions of the gauge-invariant variables for the second-order perturbation which was 
deflned by KN2007.'^) We also summarize the components of the gauge-invariant 
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part of the first- and the second-order perturbations of the Einstein tensor in the 
cosmological perturbations in this section. We did not ignore any modes in these 
formulae. Further, we briefly review the background Einstein equations and the 
equations of motion for the matter field in ^ and its first-order perturbations in 
^ The ingredients of these sections are used in J}5j In J}5l we show the explicit 
expression of the second-order perturbation of the Einstein equations without ig- 
noring any modes of perturbations and check the consistency with the second-order 
perturbations of the equations of motion for matter field. The final section, ^ is 
devoted to the summary and discussions. 

We employ the notation of our series of papers KN2003,^) KN2005,6) KN2007,'^) 
and KN2008S) and use the abstract index notation. ^'^^ We also employ the natu- 
ral unit in which the light velocity is denoted by c = 1 and denote the Newton's 
gravitational constant by G. 

§2. Perturbations of Einstein tensor in terms of gauge-invariant 

variables 

2.1. Gauge invariant variables 

In any perturbation theory, we always treat two spacetime manifolds. One is the 
physical spacetime M. = M.\ and the other is the background spacetime A^o- Since 
these two spacetime manifolds are distinct from each other, we have to introduce a 
point-identification map X\ : A^o ~^ -M-x. This point-identification map X called 
a gauge choice in perturbation theories. Through the pull-back of the gauge 
choice Xx, any physical variable Qx on the physical manifold TWa is pulled back to 
a representation X^Qx on the background spacetime A^o- It is important to note 
that the gauge choice Xx is not unique by virtue of general covariance in general 
relativity. When we have two different gauge choices yx and Xx, we can consider 
the gauge transformation rule from a gauge choice Xx to another one yx through 
the diffeomorphism <l>x '■= {Xx)^^ o y^. The pull-back of the diffeomorphism 
^x does change the representation X^Qx of the physical variable Qx to another 
representation as y^Qx = ^a'^a^a- 

The pull-back X^Qx is expanded as 

X*xQx = Qo + A?Q + ^A2(2)^Q + 0(a3). (2-1) 

The first- and the second-order perturbations ^■'Q and '''^^xQ are defined by this 
equation (j2-ip . For example, we expand the pulled-back X^gab of the metric gab on 
the physical spacetime A4x hy the gauge choice Xx: 

Kdab = gab + \xhab + y Af, + 0{\^), (2-2) 

where gab is the metric on the background spacetime Mq. In the case of the cosmo- 
logical perturbations, we consider the homogeneous isotropic spacetime whose metric 
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is given by 

9ab = {-{d^)a{dri)h + -fij{dx'-)a{dx^)b) , (2-3) 

where "jab '■= 7ijidx^)a{dx^)b is the metric on the maximally symmetric three space 
and the indices k, ... for the spatial components run from 1 to 3. Henceforth, we 
do not explicitly express the index of the gauge choice Xx in expressions if there is 
no possibility of confusion. 

From the generic form of the Taylor expansion of the pull-back := y^o(^X^)^^ , 
we can easily derive the gauge transformation rule of each order: 

^i^Q-% = %)Qo, (2-4) 
- = 2£^J'Jq + {£^^^^ + Qo, (2-5) 

where and ^2 generators of the diffeomorphism Inspecting these gauge 

transformation rules ()2-4p and (j2-5p . we consider the notion of the order by order 

(p) 

gauge invariance. We call the pth-order perturbation is gauge invariant iff 

= ^'JQ (2-6) 

for any gauge choice Xx and 3^^- Employing this idea of order by order gauge 
invariance for each-order perturbations, we proposed a procedure to construct gauge 
invariant variables of higher-order perturbations in KN2003.^^ 

In the cosmological perturbation case, we can show that the first-order metric 
perturbation hab is decomposed as 

hab =■ 'Hab + £xgab, (2-7) 

where Tiab and X" are the gauge-invariant and gauge-variant parts of the linear- 
order metric perturbations, i.e., under the gauge transformation (|2-4|) . these are 
transformed as 

yHab - xHab = 0, yX"' - xX"' = (.^i)- (2-8) 

As shown in KN2007, the decomposition (|2-7|) is accomplished if we assume the 
existence of the Green functions Z\"^ := (L>*A)"^ (^^ + 2-ft:)"\ and (Z\ + SK)''^, 
where Di is the covariant derivative associated with the metric "jij on the maximally 
symmetric three space and K is the curvature constant of this maximally symmetric 
three space. Further, we may choose the components of the gauge-invariant part 
TCab of the first-order metric perturbation as 

2 r ^ (y ^ (1) 



Hab = a' \-2 ^ {dv)a{dv)b + 2 Ui {dr])(^a{dx% 

( (1) (1) \ 1 
+ -2 .P' 7ij+ Xij {dx')a{dx^)b \ , (2-9) 



(1) (1) 
where u i and Xij satisfy the properties 



(1) ■ . (1) ^y ■ (1) 

Vi=yWiV^=0, x\=0, Xij=0, (2-10) 



Consistency of Equations in the Second-order Gauge- invariant Cosmological ... 5 

where is the inverse of the metric "yij . 

If the decomposition (j2-7p is true, we can easily show that the second-order 
metric perturbation lab is also decomposed as 

lab ='■ t^ab + 2£xhab + {£y — £\) Qab, (2-11) 

where Cab and are the gauge-invariant and gauge-variant parts of the second- 
order metric perturbations, i.e., 

yCab-xC-ab = ^, yF'^ - = ^(2) + [?(!), ^f- (2-12) 

Further, in the cosmological perturbation case, we may also choose the components 
of the gauge-invariant part Cab of the second-order metric perturbation as 

2 f . _ _ _ _ (2) 



Cab = a |-2 <p {dr])a{dr])b + 2 v i {dj]){^a{dx')b) 

( (2) (2) \ .1 
+ f -2 iJ/ 7ij+ XiA {dx')a{dx^)bY (2-13) 

(2) (2) 

where v i and Xij satisfy the properties 

• (2) . . (2) (2.) . (2) 

\\= V,= 0, x\= 0, Xij= 0. (2-14) 

2.2. Components of the Perturbative Einstein tensor 

As shown in KN2003, through the above first- and the second-order gauge- 
variant parts, X"" and Y"", of the metric perturbations, we can define the gauge- 
invariant variables for an arbitrary field Q other than the metric. The definitions 
in KN2003 imply that the first- and the second-order perturbation ^^^Q and ^'^^Q are 
always decomposed into gauge-invariant part and gauge-variant part as 

a)Q=:a)Q+£^Qo, (2.15) 
(2)Q =: (2)g + 2£x^'''Q + {£y - £jc} Qo, (2-16) 

respectively. Here, ^^^Q and ^"^^Q are gauge-invariant parts of the first- and the 
second-order perturbations of ^^^Q and ^^^Q in the sense of the above "order by order 
gauge invariance", respectively. 

To evaluate the perturbations of the Einstein equation, we expand the Einstein 
tensor on the physical spacetime Ai so that 

X*Ga^ = Ga^ + X^^^Ga^ + ^A^^^),^^* + 0{X^). (2-17) 

As shown in KN2005,^) the first- and second-order perturbations of the Einstein 
tensor are given in the same form as (I2-15P and (I2-16P : 

(')Ga' = ^'^ga'[n] + £xGa'', (2-18) 
C'^Ga' = ^'^Qa' m + ^'^Oa' [H^H] + 2£x^^'^Ga' + {£y " £\] Ga\ (2-19) 
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where 



and 



K'[A] 



1 ed 



+ 2^ [2V^^H^^^[A]+R,,A 

Uj[A]-^6,'U,^[A], 
2R,,A^'A^ + AH^^''-[A]H,^'^[A] 

be 



+4A/V[,H,nA]+AA,'V[,H,.^M] 



(2-20) 
(2-21) 

(2-22) 



Habc[A] :— V(^aAb)c - -^"^cAab, 

H^O'lA] := g'^g^'^HaedlA], H^'AA] := g'^HaeM], (2-23) 

for arbitrary tensor Aab of the second rank. The terms ^^^Q^^ [*] in Eqs. (j2-18p 
and (j2-19p are the gauge-invariant parts of the perturbative Einstein tensors, which 
consists of the hnear combinations of the gauge-invariant variables for the metric 
perturbations of the first- (Hab) or the second-order (Cab)- The term ^^^^^^[7^,7^] in 
the second-order perturbation (j2T9p of the Einstein tensor consists of the quadratic 
terms of the gauge-invariant part of the first-order metric perturbation. 

2.2.1. Components of ^^'^Q^" 

As shown in KN2007, the components of ^^^^^^ = ^'^''Ga'' [H] in Eq. (1248]) are 
given in terms of the gauge-invariant variables defined in Eq. (j2-9p as follows: 



{-GHdr, + 2A + 6K) -QW <P 



^^^Gi = 1 25^ A 1^^ +2nD, $ + 2K) 1)^1 



wg.^ = - 



2dr^D' +2nD' $ +^ {-A + 2K + AH^ - AdrjU) 



(1)' 



(2-24) 
(2-25) 

(2-26) 



-A + 2dl + AUdri - 2K) 



(1) 



[2nd^ + Ad^n + 2re + A) <p\ 7. 



':dr, 



(1) 



(1) 



(1) 



+ -(a2 + 27^9^ + 2if-Z\) 



(2-27) 



where H := d^^a/a and 7^-' := jik"/^'' is the three-dimensional Kronecker's delta. 
The components of ^^^Ga^ [C] in Eq. (j2-19p in terms of the gauge-invariant variables 
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defined in Eq. (I2-13P are given by the replacement of tlie variables 



(1) (2) (1) (2) (1) (2) (1) (2) 

0^^, i^i^i^i, Xij^Xij, 



(2-28) 



in the equations (l2^ - (l2^ . 
2.2.2. Components of (2)^^'^ 

From Eq. (j2-2ip and the components of the gauge-invariant parts (j2-9p of the 
first-order metric perturbation, and the components of tensors Hg^''^[7{\ and H^'^^lH], 
which are summarized in Appendix A in the paper KN2007/^ we can derive the 
components of ^'^^QJ' = ^'^'^QJ'[H,T~C\ in a straightforward manner. These components 
are summarized as follows: 



(1) (1) (1) . (1) 



3£»fc •f' 1^- -8 tf Z\ -3 dr^ ^ 



(1) 



/(ly 

12K 



(1) (1) 



127^ I ^ - ^ ]dr, ^ 



(1) 



(1) 



-2D'' Idr, ^ +n{ <P + <lr 



(1) (ly 



(1) 



+^D, S ^0 +i g {A + 2K + en') u'^ 



(1)(1) 

+DiDk ^x'^ 



(1) 

A; ^,ml 



--X"" {A-K) ^iL 
mi^ - (p) D' ^ +2dr, •^L>M2i^/-^ -F8t^ S^D* If 



(2-29) 



/(I) (1) (1) (1) (1) (^) 

2a^ 1^ -2 Z\ + Z\ ^) +4K ^If -DiD' (pv^ 



(1) (ly 



DA<p^qf\dr.x 



(1) 



(1) (1). 



K. Nakamura 



+1 iJ] (a^ + 2ndr, + Adr,n - - 2k) +Dk vl d^" x^i 



(1) 



(1) 



(1) 



(1) 



+L>'Z)[*^ u^^^l +-A Vjx 



1 W 



(1) (1) 



(1) 



(1) 



(1) 



{ 



(1) (1) 



(1) 



8H ^ Di ^ +2Di -2 ip j dr, +4 (^^ - ^ j 0^ 

(1) (1) (1) /(I) . ^ (1) 

(1) 

(1) 

-2H i^^ Di Vj 

+-D' + ^ \dr,Xij -dv^^ ^Xij 



(1) 



(1) 



(1) 



+DkD^, ^X"' +^[' 'y'^ Dj -- {A - 2K) 



(1) 



(1) 



]-dr, x'^' A Xkj + X"' dvD\j xl 



(1) 



(1) (1) 



(1) 



/(I) 



(ly 



Di ^ [ ^ - ^ ] - Di ^ y$ ^ ] + A ^ DiD^ 



(1) 



(1) 



+2 ^ - AA ^ 



(1) „^ (1) 



(1) „^ (1) 



(1) (1) 



(1) 



(2-30) 



(2-31) 



+ { -Dk <P -D" # -2A If -D -2 |^<p - If j /A # 

(1) , , , (1) ^ (1) ^ /(I) /(I) (1) 

-4 If (Z\ + i^) If +5^ If ( If -2 # j + 4 ( If - ^ J 5^ tf 



(1) . (1) 



(1) (ly 



-8H ^ -Sn - ^ ]dr, W 

-4 {2dr,n + n^) (^^^ 1 7 

\ / • • (1) (1) (1)^'^ 

j iDiU^ +A W - A !f 5^ W +a^A 0/ 



. ^ , (1) (1)' 

+ ^dr, ( If + # 



'(1) (ly 



(1) 



(1) 



(1) 



(1) 



+ (^ - ){drj + 2n)[DiU^ +A K - If (0^ + 27i) z/^ 
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- W {dr, + 2H) ^ +2HDi -2Dk ( 5^ >Z^ +H ^ j z^Si ^ 



1 rii 1 m 



(1) 

+ <! ))k {2Hdr^ + A + 2dr,H + n^) V 



1 lx\ ( 

. (1) 1 /(I) / ■ 

+ {dl + 2ndr,) ^ +^Dk i^^ + WrjlDi x'" +A j 

--i?^ U +3 A X,' -2^ {A- 2K) Xi' -A ^Xr' 



2 

1 f(i) fi) 

+ o (^'J + ^fe A x'^' + y" A ife^ - z/'^ Dk Xi' 



2 



1..^^]. (1) 1. (1). , ^^L. , .... (1) 



- 5, A Xi' - j X/i dr^D^ y' +2^' (^'J + 4W) x/fe [ 7,' 

■^a, S d, x'^ +A £1 i^I'^ x']^^ +^A ili A x^'^ 

+- icL D,D^ X™' "2 Xzi D^Di x"^' x''" AA {I, 
+- x''" ^n^A X^' x'^ {d^ + 2718, - A + 2K) 

+\ 1^5. xl d, -\d, x^' +D, D^^ 

+ xll{dl + 2ndr,-A + K)x"'\li' . (2-32) 
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In these components, the terms of different types of the mode-coupling are written 
in the different hnes to show the different types of mode-couphng, manifestly. For 
example, in the expression of the component ^"^^Gn^ in Eq. (j2-29p . the first two lines 
show the mode-coupling of the scalar-scalar type, the third line shows the scalar- 
vector mode-coupling, the fourth line shows the vector-vector type, the fifth line 
shows the scalar-tensor type, the sixth line shows vector-tensor type, and the seventh 
and eighth lines show the mode-coupling of the tensor-tensor type. 

We have checked the perturbations of the Bianchi identity for the components 
(l2^ - ([2^ and (l2^ - (|2^ of the gauge-invariant parts '^^'^Ga^i'H], ^^^Ga i^]^ and 
^"^^Ga^iTi-jTi]. As shown in KN2005,^^ the first- and the second-order perturbations 
of the Bianchi identity VaGj' = give the identities 

V.(i)^,'^ [H] = -H,,-[n] G,' + H,,'[n] (2-33) 

-2HMd[H] H'^'^G,'' + 2H,ad[n] H'^'^G,'. (2-34) 

Although we can check these identities without the explicit components of the gauge- 
invariant part of the metric perturbations as shown in KN2005, we can also check 
these identities (|2-33p and (j2-34p in the case of cosmological perturbation through the 
explicit components of the gauge-invariant parts Tiab and Cab in Eqs. (|2-9p and (|2-13p 
of the metric perturbations. The actual calculations to confirm the identities (j2-33p 
and (j2-34p are straightforward. These checks of these Bianchi identities guarantee 
that the expressions (j2-24p - ()2-27p of the components of ^^^Ga^ and the expressions 
(|2-29p - (|2-32p of the components of ^'^^Ga'^ are self-consistent. In this sense, we may 
say that the formulae ([F2i|) ~ (l2^ and (l2^ - (IM2]) are correct. 

§3. Consistency of the background equations 

In this section, we briefly review the Einstein equations and the equations for 
the matter field on a four-dimensional homogeneous isotropic universe whose metric 
is given by (j2-3p . Further, we show the consistency between the equations of motion 
for matter field and the Einstein equations. These equations are used throughout 
this paper. As the matter contents, we consider a perfect fluid and a scalar field, 
respectively. 

3.1. Perfect fluid case 

The energy momentum tensor for a perfect fiuid on the background spacetime, 
whose metric is given by (j2-3p . is given by Eq. ()AT4p (or Eq. (jATSp ). The Einstein 
equations GJ' = SttGT^^ for this background spacetime filled with a perfect fluid 
are given by 

n^ + K-^ah = 0, (3-1) 
2dr,n + n'^ + K + 87:Ga^p = 0. (3-2) 



(0) 
(0) 



(1) 



(2) : = 
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To consider the consistency of the perturbative equations, the equation 
-I / (0) (0) \ 

- 3 - (P)S(2) \ = n^ + K -d^n- ^i^Ga^ie +p) = (3-3) 

is also useful. 

The divergence of the energy momentum tensor (|A-14p gives the two equations, 
which are well-known as the energy continuity equation and the Euler equation. 
The Euler equation is trivial due to the fact that the pressure p is homogeneous 
(i.e., p = p(r])) and the integral curves of the fluid four- velocity u'^ = g"'^Ub with the 
component ()A-8P are geodesies on the background spacetime with the metric (j2-3p . 
On the other hand, the energy continuity equation is given by 

(0) 

aC^^:=drje + 3n{e+p) = 0. (3-4) 




SvrGa^ C^p^= -39. ^^^En) -37i ^^^En) - ^^^Er^) ■ (3-5) 



Through Eqs. ()3-ip - (j3-3p . we easily verify that 

(0) (0) 

We may say that the energy continuity equation for the background spacetime is 
consistent with the Einstein equations (j3-ip and (j3-2p . We also note that the relation 
(j3-5p has nothing to do with the equation of state of the perfect fluid. This is a well- 
known fact and is just due to the Bianchi identity of the background spacetime. 
However, in §^ and O we will show this kind consistency between the Einstein 
equations and the equations of motion for matter field in the case of the first- and the 
second-order perturbations. We use this kind of the relations to check the consistency 
of the set of perturbative equations. 

3.2. Scalar field case 

In this paper, we also consider the universe filled with a single scalar field. The 
energy momentum tensor for a scalar field on the homogeneous isotropic universe is 
given by Eq. ()A-3ip with the homogeneous condition ()A-29p . Through this energy 
momentum tensor for a scalar field, the Einstein equations GJ' = SvrGT^* for this 
background spacetime filled with a scalar field are given by 

(0) 



■.= n' + K-^ (1(0,^)2 + aV(^)) = 0, (3-6) 

(0) N 

(")^(2) := 2drin + n'^ + K + 87rGi -{dr^^f - aV((/p) j = 0. (3-7) 



We also note that these equations (|3-6p and (|3-7p lead 



-I , (0) (0) \ 

- 3 (^)^(i) - (^)i?(2) ]=n'' + K-d^n- ATTG{dr,^f = o, (3-8) 
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^ ( (0) (0) \ 

- 3 + ("^^(2) = 2^2 + 2E: + dr{H - 87rGaV((/p) = 0. (3-9) 

The equations ()3-8|) and (l3-9p are also useful when we check the consistency of 
equations for the first- and the second-order perturbations, respectively. 

The divergence of the energy momentum tensor ()A-30p gives the Klein-Gordon 
equation on the background spacetime. Further, the Klein-Gordon equation is also 
consistent with the background Einstein equations (j3-6p and (j3-7p . This can be easily 
seen from the relation 

SvrG „ / o 1°) \ SvrG 



d^^ Y j = [dl^ + lUd^if + a^l^^ (3-10) 

(0) / (0) (0) \ 

a, ('')E(i) - (^)i?(2) . (3-11) 



Thus, the Klein-Gordon equation 



(0) 

Ck= (3-12) 



for the background spacetime is consistent with the Einstein equations (j3-6p and 
(|3-7p . Of course, this is well-known fact and is just due to the Bianchi identity of 
the background spacetime as in the case of a perfect fluid. However, as we noted in 
the case of the perfect fluid, this kind of relations are useful to check whether the 
derived system of equations are consistent or not. 



§4. Consistency of the first-order equations 



Here, we consider the consistency of the first-order perturbations of the Einstein 
equations and equations of matter fields. The essence of this consistency check is 
same as those for the background equations. However, these consistency checks for 
the first-order perturbations are similar to those for the second-order perturbations. 
Therefore, the consistency check for the set of the equations of the first order is 
instructive when we consider the set of equations for the second-order perturbations. 

As shown in KN2007,^^ we can derive the components of the first-order pertur- 
bation of the Einstein equation 

(1)^^^ [7^] = 8^G (i>r/ (4-1) 

and the components of the equations of motion for matter field, which are derived 
in KN2008.^^ As in the case of the background equations, we consider the cases for 
a perfect fluid and a scalar field 

4.1. Perfect fluid case 

Through the components of the linearized Einstein tensor Eqs. ()2-24p - (j2-27p 
and the components of the first-order perturbation of the energy momentum tensor 
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for a perfect fluid [Eqs. (IA-19p - (|A-22|) ]. the components of the first-order Einstein 
equation (j4-ip are summarized as 



(1) 



(1) o (1) „ o (1) 



(P)^(y := {-mdr^ + A + m) ^ -Sn"^ <P -AnGa^ f = 0, (4-2) 
(1) / 1 \ (1) / 1 \ (1) 

^^^^(2) -={91 + 2wa^ -k--a \ ^ + hidr, + 2dr,n + + -z\ j ^ 



(1) 



-AttGu^ V= 0, (4-3) 

, , (1) (1) 

(P^E^3y.= ^ - <P=0, (4-4) 

(P)^(4)i := drfDi %^ +nD, $ +47rG (e + p) a^D., ^v = 0, (4-5) 

(1) (1) 

(f)S(5), := (Z\ + 2i^) W -167rG (e +p) V,= 0, (4-6) 

(^^%)^ := 9, (a^ = 0, (4-7) 

(1) 

(^')i?(7),, := (a^ + 2ndrj + 2K-A) {i= 0. (4-8) 

4.1.1. Continuity equations and Euler equations 

As shown in KN2008,^'* the first-order perturbation of the energy continuity 
equation in terms of the gauge-invariant variables is given by 



."tr = 9, ? +3H + + (. + p) [a 'i' -38, = 0. 



(4-9) 



Further, in terms of the gauge-invariant variables, the first-order perturbation of the 
Euler equation is given by 

(1)C(P) = (e + p) I {d^ + n) ^ A + v}j + A S I + V +d^p ^ A '^v + v]^ 

= 0, (4-10) 
and this equation is decomposed into the scalar- and the vector-parts: 

= (e + p) I {dr, + n) Di + A S I + A P +dnPDi 



= 0, (4-11) 

(1) (1) 
= {e+p){dr,+n) Vi +dr,pv, 

= 0. (4-12) 
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Now, we check the consistency of Eqs. (l4-9p . (14-lip . and (I4-12P for a perfect fluid 
and the Einstein equations (j4-2p - (j4-8p . First, we consider the perturbation of the 
continuity equation dH]). Substituting ([32]), (g^D, and (jliS]) into (gSD, we 

can easily verify the relation 

(1) / (1) (1) \ 

4^Ga3(i)cSp) = -idr,- 2n) (p)^(i) +m - (P)^(i) - (P)S(2) 



(1) o / (0) (0) 



(1) 



(^')i?(4). +- (^3 - (*')ii;(2) j 5, ^ . (4-13) 

Therefore, the first-order perturbation of the energy continuity equation is consis- 
tent with the background Einstein equations and the first-order perturbation of the 
Einstein equation. 

Next, we consider the first-order perturbation (j4-10p of the Euler equation. 
Through Eqs. (|4-3p - ()4-5p . (j3-4p . and (|3-3p . we can easily derive the equation 

(1) (1) (1) . (1) 

47rGa2(i)cf ^) = 9, (P)i?(4). +2W (P)i?(4). - A ^^^^^(2) -3 A {A + 3K) (^'^i^o) 

(0) ,-1^ 1 / (0) (0) \ 

Further, through Eqs. (j4-6p . ()4-7p . and p-4p . we can easily see that 

4vrGa2(^)cr) = ^2 j"^. («' ^"^^Uj + + 2K) ^^^%)}^ 

(0) 

-47rGa3 C^^^H . (4-15) 

Since, the background energy continuity equation (|3-4p is consistent with the back- 
ground Einstein equation, Eqs. (j4T4p and (|4-15p show that the first-order perturba- 
tions (j4-10p of the Euler equation are consistent with the set of the background and 
the first-order Einstein equations. 

4.2. Scalar field case 

Through Eqs. (l2^ - ([2^ and Eqs. (IX37ll - (|A40]l . the linear-order Einstein 
equations are given as follows: For the scalar-mode, we have four equations: 



: 0, (4-16) 
(^)^(2) := dr, S +n S -AnGdriWi = 0, (4-17) 



(1) 



(1) 



WE(3) := (-92 - mdr^ + A- 2dr,n - + AK) -SvrGa^l^^i = 0,(4-18) 
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, .^'^^ (1) (1) 

^"'Ei^i) ■= ilr - cp=0. (4-19) 
For the vector-mode, we obtain 



(1) (1) 

(^)i?(5).:=z^*=0. (4-20) 



For the tensor-mode, we obtain 

(1) 



(^)i?(6),, := (9^ + 2ndrj + 2K-A) i?,= 0. (4-21) 

These equations are also summarized in KN2007.^^ 

In Eqs. (|4-16p - (|4-18p for the scalar-modes, Eq. (j4-16p determines the evolution 

(1) 

of the scalar potential <^ with appropriate boundary conditions. Equation (j4T7p 
determines the behavior of the first-order perturbation ipi of the scalar field through 

(1) 

the scalar potential cp . Therefore, Eq. (j4-18p is not necessary to solve this system. 
However, we can easily see that Eq. (j4-18p is consistent with the set of two equations 
(|¥T6]) and (gTTD. Actually, from Eqs. (|iT6D . (I¥T71) . and ([STO]) . Eq. (liTSj) is given 
by 



(^)^(3) = - (^)^(i) -2(^ + 2n \ (")S(2) +^TTG^ia^ Ck . (4-22) 



This shows that the Einstein equation (I4-18P is not independent of the set of the equa- 
tions Eqs. (j4-16p . (j4-17p and the background Klein-Gordon equation p-12p . Since 
the background Klein-Gordon equation is derived from the set of the background 
Einstein equations as in Eq. p-lip . the equation (I4-18P is satisfied through the back- 
ground Einstein equations (j3-6p and (j3-7p . the first-order perturbations (j4-16p and 
(|4-17p of the Einstein equations. Therefore to solve this system of the scalar-mode, 
we first solve Eq. (|4-16p with an appropriate initial condition. These initial condi- 
tions gives the first-order perturbation of the scalar field (pi through the momentum 
constraint (14-17p . Further, after these initial states, Eq. (j4-17p gives the first-order 

(1) 

perturbation ipi of the scalar field in terms of the scalar potential at any time. 
Thus, the free initial values for the linear-order perturbation of scalar-modes are only 
(1) (1) 

<P and 9^ <P on the initial surface. There is no other degree of freedom for initial 
value in the scalar-mode. 

4.2.1. Klein-Gordon equation 

Here, we consider the first-order perturbation of the Klein-Gordon equation 
which given in KN2008:^) 



C(^K) = -dli^l - 2Hdr,(pi + Aifi +dr, (p drj^p + 3drj ^ drjif 

dip 



+m dri^ + 2 d^ip - aVi§^(^) (4-23) 
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, P (1) (0) 

39^ ^''Ef^i) d^if- 2a^ $Ck 



(1) 



-2a <p a (fi^-iy 



0, 



(4-24) 
(4-25) 



where we have used the component (j4-19p of the linearized Einstein equation and 
the background Klein-Gordon equations Eqs. (|3-10p . 

Now, we check the consistency of the first-order perturbation (l4-24p of the Klein- 
Gordon equation with the first-order perturbations (|4-16p - ()4-18p of the Einstein 
equations. We can easily derive the relation as follows: 

(1) 

= -2[d^ + 'H] Wi^(i) 



+2 



r.0 ( dll^ 




+ 



(1) 091 



dr, + 2 { 2dn 'P -n (p 




' (0) (0) 
Wi?(2) -3 



^ + m] drj - 2d^n + m'^ + 2n^ 




(1) 



+2 # {dr, - 2n) 



(0) 



(1) 



(4-26) 



Through the background Einstein equations p-6p . p-7p . and the first-order pertur- 
bations (14-161) and (j4-17p of the Einstein equation, we have seen that 



0. 



(4-27) 



Hence, the first-order perturbation of the Klein-Gordon equation is not independent 
equation of the background and the first-order perturbation of the Einstein equation. 
Therefore, from the point of view of the Cauchy problem, any information which are 
obtained from the first-order perturbation of the Klein-Gordon equation should be 
also obtained from the set of the background Einstein equations and the first-order 
perturbations of the Einstein equation, in principle. 



Consistency of Equations in the Second-order Gauge-invariant Cosmological ... 17 



§5. Consistency of the second-order equations 

Now, we consider the consistency of the second-order perturbations of the Ein- 
stein equations 

+ ^'K'[n,n] = ^^g'^^K \ (s-i) 

and equations of motion for matter fields derived in KN2008.®^ The essence of this 
consistency check is same as those for the background equations and for the equations 
of the first-order perturbations as mentioned in the last section. However, these 
consistency checks for the second-order perturbations are necessary to guarantee 
that the derived equations are correct, since the second-order Einstein equations 
have complicated forms due to the quadratic terms of the linear-order perturbations 
which arise from the non-linear effects of the Einstein equations. 

5.1. Perfect fluid case 

First, we consider the second-order Einstein equation (j5-ip in the case of a 
perfect fiuid. The components of '^'^^Qj' [C] are given by Eqs. (j2-24p - ()2-27p and the 
replacement (j2-28p and the components of the second term in the right hand side 
of Eq. (|5-ip are given by Eqs. (|2-29p - (|2-32p . Further, the components of the right 
hand side of Eq. (j5-ip are given by Eqs. (jA-23p - (jA-26p . So, we can write down 
the components of the second-order perturbations of the Einstein equation. The 
resulting equations are completely same as those obtained in KN2007 except for the 
definitions of Iq, il, and Fij. Therefore, the same calculations as those in KN2007^'' 
lead 

^"^^ (2) (2) (2) 

(P)^(^) := {-mdr^ + Z\ + 3K) ^ -m^ <P -AttGo^ S -Fo 



0, (5-2) 

(2) / 1 \ (2) / 1 \ (2) 

(p)^(2) := id^ + 2ndr, -k--a \ ^ + indr, + 2dr,n + n^ + -a) <p 



(2) 1 



0, (5-3) 

^"^^ (2) (2) Q / 1 \ 

(rti^(3) := ^ _ ^ _| (Z^ + ^A-'DW^F,, - -F.'^j 



(2) 



0, (54) 

(?) (2) 1 _i , . ^ , (2) 



■.= drtDi ^ +nDi <p --DiA-^D'^Fk + AnGa^ie + p)Di 



2 



V 



= 0, (5-5) 

(2) / \ (2) 

(P)S(5)i := {A + 2K) W +2 (^Fi - DiA-^D^Fu) - lQ7:Ga^{e+p) H 

= 0, (5-6) 
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= 0, 

(2) .2) 2 

+3 (d^Dj - i7,,/l) {A + 3K)-' (^A-^D'^D'Tu - ^A'^) 

-4 {p^i {A + 2K)-^ D^^A-^D^D^Fik - D^^ {A + 2K)-^ D'Tjy, 
= 0. 

Here, the definitions of Fq, F^, and F^j are as follows: 

9. . (1) ,-(1) « I. (1) « W / 

To := BttGo^ (e + p) Di v D' v -2,Dk ^ D'' $ -8 <P A <p -3 Id^ j 

-12K - 12n^ 



/ (1) 



+87rGa2 (e + p) ViV +-Dk n D^^ u^^ +3H^ v^i 

(1) (1) 

L) 

J, 7 



+g5r, xik dr, x"' +n xll d, x"" -^Du XlL x^' 

. /(i) (1) (1) (1) 

Fi := -leTrGa^ ( £■ + P ) A ^ A ^ 

(1) ^ (1) ^ (1) (1) 
-4 # a^A # -45^ # A # 

-IGvrGa^ ( £: + P J -2A ^ A +2DiD^ ^ u- +2A # W 

(1) ^ (1) (i)(i) 

(1) 

+2A S Xji -^dr,D^ 'i^jcij 
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W (1) (1) 

+2DkD[, D, {ki +2K - A 

1 a) fi) 

--dr, x"" Di +2 x'^ ^^./fe, (5-10) 

. (1) (1) w w (1) (1) 

i (1) . (1) (1) (1) (1) ^ (1) 

+2 <^ 3L>fe ^> <^ +4 Z\ + +8n ^ dr, 



2' 



9, . (1) 

+32^Ga2 (e + p)L>(i w V^) -id^ -P D(i v-) +^d^D^i ^v-) 
+4 dr^Dk +nDk -f^j 

^^l (1) (1) 

+167rGa2 (e + p) V^Vj -2 D^Df^i u-^ +2 i/^ A^i ^ 

+A A S Dk u] 

( n) n) m) 

- I Dk W D^'' v'^ +Dk W D'^ +2 z.'^ (Z\ + 2dr,n - SH^) W [ 

(1) .9 (1) i. (1) k (1) (1) 

-AUdr, ^Xij -292 <?i4- -41)^ ^ Z)(, x,)fc +41)' A x4 -8i^ ^>X*, 

(1) (1) i. (1) (1) (1) (1) ^11 

+4 ^) Z\ -4£' ^>Xj)fc +2Z\ ^>x*j +2AA Hj 

r. 7-1^' O r. i O 7-1 , o i O J-v , riA- ^ / O 

-2A' z^(, Xj)fc -2 ^r,D^^^ Xj)k +2 5^A Xij +^ ^r, Xifc Hj 

(1) n^ (1) 1 (1) 



(1) fl) 1 fl) 

+9^ 5^ x/ +2I)[, Xfe]i x/ -i,Dj D 



X'"^ DiDj +2 x'™ AZ?(. X,)m - x'™ ^ml^i xi 



I 39, hi d, x"' -3A X/i D'^ x"^' 



-2A X^i X"' -^K hLx'^'' (5-11) 



and we denote r--'= j^'Tik- The definitions (j5-9p - (j5-lip of the source terms Fq, 
Fi, and Fij in the second-order perturbations of the Einstein equations represent 
the precise mode-couphng: For example, the first two lines in Eq. (j5-9p represent 
the scalar-scalar mode-coupling; the third line in Eq. (|5-9p represents the scalar- 
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vector mode-coupling; the fourth line in Eq. ()5-9p represents the vector- vector mode- 
coupling; the fifth line in Eq. (j5-9p shows the scalar-tensor mode-coupling; the sixth 
line in Eq. (j5-9p is the vector-tensor mode coupling; and the last two lines in Eq. (j5-9p 
corresponds to the tensor-tensor mode coupling. Thus, in the second-order pertur- 
bations of the Einstein equations, any types of mode-coupling appear due to the 
non-linear effects of the Einstein equations. Actually, the definitions (j5-9p - (j5-lip of 
the source terms Fq, Fi, and Fij do shows these any types of mode-coupling occur 
in the second-order perturbations of the Einstein equations. 

5.1.1. Consistency with the continuity equation 

Now, we consider the second-order perturbation of the energy continuity equa- 
tion which is the second-order perturbation of -u^V^T^* = 0. As shown in KN2008,^^ 
the second-order perturbation of the energy continuity equation is given by 



0. 



(2) (2) 

£ +V 



+ (e + p) 



A V 



-3d„ 



"0 



(5-12) 

Here, Sq consists of the quadratic terms of the linear order perturbations defined by 



"0 • = 



(1) ^ (1) 

6 ^ Ori ^ 



. (1) 

-2 A V 



A V 



(1) 



(1) 




(1) 



/ (1) (1) 1 ^ (1) 

DiDk V +Di Vk -Di Vk +0 O-q Xik 

(1) 



■ (1) \ (1) / (1) /(I) (1)^ 

-2 ( D' V + V - D, £ -2(a V -Sdrt ^ji£+r]- (5-13) 



To confirm the consistency of the background and the perturbations of the Ein- 
stein equation and the energy continuity equation (j5-12p . we first substitute the 
second-order Einstein equations (j5-2p - ()5-5p into Eq. (j5T2p as in the case of the 
first-order perturbations in ^4.1.11 For simplicity, we first impose Eq. (|4-4p on all 
equations. Then, we obtain 

(2) (2) (2) (2) 

(0) (0) 



+- 



' (0) (0) \ (2) 



-d^Fo - HFo - ^HFk'' + ^D'^Fk - Ai^Ga^So- 



(5-14) 



Imposing the second-order Einstein equations (|5-2p . (j5-3p . (|5-5p . and the background 
Einstein equation ()3-3p . we see that the second-order perturbation (|5-12p of the 
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energy continuity equation is consistent with the second-order and the background 
Einstein equations if the equation 



ATiGa^SQ + {dr, + n)ro + ^nr, ' - ^o'^Tk = o 



(5-15) 



is satisfied under the background, the first-order Einstein equations. Actually, 
through the background Einstein equation (|3-3p (or equivalently Eqs. (|3-ip and (|3-2p ) 
and the first-order perturbations of the Einstein equations (j4-2p - ()4-8p . we can easily 
see that 



^ (0) (0) N 

3 - 



/ . (1) . (1) . (1) (1) A , y' 

+2 ( D' V + 2nD' V -D' <p -3 <P D'] ^^^E, 

(1) (1) / (1) (I) \ (1) 

-6dr, ^(P)^(i) -2 ( 3dr, <P +Di V D' J (f)^. 



(1) /{!) (1)^ 



' (0) (0) ^ 

3 - (^')i^(2) 



(2) 

(1) (1) 



(1) (1) 



(1) 



(1) 



+2 (a^ + 2?^) (p)^(4), 



■ (1) • (!)■ 



(1) 



(5)i 



+ 



(1 



2a2 



I, (1) I, (1)' 

V [A + 2K) - mD^ <P 



(1) 



(6)fc 



(1) 



I V id, + 27i) (^)£;(5). +^ 



(1) 



(1) 



V'' (Z\ + 2/C) + 2D^^ u''^ Di + 127^2 j^k 



(1) 



(6)fe 



(1) 



(1) 



+2 x*'^ A ^"^E, 

( (0) 
+ 3 



(4)i 



(1) 



(1) 



(1) 



(5)fc 



-, v^; (1) 1 (1) (1) 

(a, +4?^) x'' A (^)i^(6); "2^' ^'^"^^( 



1 ^'la (1) 
"2 X 5^ X*fc 



/ (0) (0) \ , (1) (1 



(7)«fc 

(1) (1) 

'(7)«fc 



(5-16) 



This shows that Eq. (|5-15p is satisfied under the Einstein equations of the background 
and of the first order. Thus, this implies that the second-order perturbation (j5T2p 
of the energy continuity equation together with the source term (I5-13P is consistent 
with the Einstein equations of the background, the first- and the second-order, i.e., 
Eqs. ([33]), (|¥2]1 - (ITH1) . (|F2l) . ([5^ . and 
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5.1.2. Consistency with the Euler equation 

Next, we consider the second-order perturbations of the Euler equations. For 
simplicity, we first impose Eq. (j4-4p on all equations, again. As shown in KN2008,^'* 
the second-order perturbation of the Euler equation for a single perfect fluid is given 
in terms of gauge- invariant form as 

= (e + p) I (a, + H) (^A + v]^ + A 

(2) ^ / (2) (2)\ M 

+Di V +drjP Di V + Vi - ) = 0, (5-17) 

where is defined by 

^(p) .. ~ r(i) , , (1) 



-2 $ Di^r -{e + p) ^ 

f^'^- (1) ^'^■\ [ (1) / (1) 1 

-2 (e + p) -A V - <^ A V, -A A V + H H 

/(I) f (1) ^ / (1) / (1) (1)^ 



-2 AV + Vi (5-18) 

This S'j^ is the cohection of the quadratic terms of the hnear-order perturbations 
in the second-order perturbation of the Euler equation. As in the case of the first- 
order perturbations of the Euler equation, the equation ()5-17p is decomposed into 
the scalar- and the vector-parts as 

( (2) (2)1 (2) (2) 

= {e + p)\ {drj + n) Di V +D,<p\+D,V +dr,pDi v 



= 0, (5-19) 

{2)^{pv) _ (2)^(P) _ D^^-i^imc^p) 

(2) (2) 

= {e+p){dr, + n) Vi +a^pv. 

= 0. (5-20) 

First, we consider the scalar-part (j5T9p of the Euler equation. As in the case of 
the first-order perturbation of the Euler equation, through the background Einstein 
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equation (j3-3p . the background energy continuity equation (I3-4I) . and the Einstein 
equations of the second order ()5-3p ~ (j5-5p . we can obtain 



(0) 



(0) 



(1) 



(0) 



(2) 



(2) 



(2) 



. (2) (2) 

-- A {A + 3K) (P'>E^,^ + (drj + 2n) (^^)i?(4). 



where we defined 



Jj := SirGa^sf - {dr, + 271) Fj + D^F. 



(5-21) 



(5-22) 



On the other hand, through the background energy continuity equation (j3-4p and 
the Einstein equation of the second order (|5-6p and (15-71) . the vector-part (l5-20p of 
the Euler equation (j5-17p is given by 



(0) 



(2) 



(2) 



87rGa2(2)c(P^) = -SvrGa^ cf^v] (9, + 2W) (p^E^,^, +^ {A + 2K) (p)^^), 



-Ji + D,A-^D^Jj 



0. 



(5-23) 



Eqs. (j5-2ip and (j5-23p show that the second-order perturbations of the Euler equa- 
tions is consistent with the background Einstein equations and the second-order 
perturbations of the Einstein equations if the equation 



(5-24) 



is satisfied under the Einstein equations of the background and the first-order pertur- 
bations. Actually, we can easily confirm Eq. (j5-24p as follows. Through Eqs. (j3-3p . 
we can see the relation 



■ ^ (1) (1) (1) (ly 

3o^ <p Di V — <p Di (l> 



' (0) (0) ^ 

3 - (f)i^(2) 



-4 



+4 



+4 



(1) (!)■ 

Di V {d^ + n)-Di^ 



(1) 



(1) 



(1) (1) (!)■ 

<P D, + Di <P -SHDi V 



(1) 



(2) 



Di D^ + 3jjd^ % 



(1) 



(i)(i) 



(0) 



(0) 



+69^ 3(P)^(1) - (P)^, 



'(2) 



(4)j 



(1) , 1'^ w, 1'^ 
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+4 



■ (1) (1) (ly 



(1) 



(1) 



(5)i 



. (1) • (1) . (1) 1 • (1) 

DiD^ 'P <P -DJ 'P Di + --/-^ <P {A + 2K) 



(1) 



(6)i 



(1) 



+2 Di u] ( 3 ^P'^Ei,^ - (P)^, 



(0) 



(0) 



+4^ 



(1) 

■ (1) (1) 
Di v3 + Di 



(1) 

ip)E, 



(1) (1) ■ 

Di v'' I/-' Dj 



(1) 



(5)fe 



(6)j 



. (1) 



(1) 



2D^ 0^P^E, 



(1) 



(1) 



7,: 



(1) 



(1) 

{p)f 



(6)fc 



+ - 



(1) (1) 



(1) 



(1) 



^{7)j]fc 



(5-25) 



This represents that Eq. (j5-24p is satisfied due to the background Einstein equations 
and the first-order perturbations of the Einstein equations, and imphes that the 
second-order perturbation of the Euler equation is consistent with the set of the 
background, the first-order, and the second-order Einstein equations. From general 
point of view, this is just a well-known result, i.e., the Einstein equation includes the 
equations of motion for matter field due to the Bianchi identity. However, the above 
verification of the identity (j5-24p implies that our derived second-order perturbations 
of the Einstein equation and the Euler equation are consistent. In this sense, we 
may say that the derived second-order Einstein equations, in particular, the derived 
formulae for the source terms Iq, Fi, Fij, Sq, and Si are correct. 

5.2. Scalar field case 

Next, we consider the second-order Einstein equation (|5-ip in the case of a single 
scalar field. Through the components of (^)^„''[>C] given by Eqs. ([2^ ^ (12^ with 
the replacement ([2^ . the components of (2)^^^' given by Eqs. (f2^ - (|M2]) . and the 
components of the second-order perturbation of the energy momentum tensor ^ 
given by Eqs. ()A-4ip - ()A-44p . we can obtain the all components of the second-order 
perturbation of the Einstein equation (j5-ip in the case of the universe filled with a 
single scalar field. For simplicity, we used the first-order Einstein equations (j4T9p 
and (j4-20p . For the scalar-mode of the second order, we obtain the equations as 
follows: 



(2) 

^(1) 



n 



92 



Or,<f 



d„- A-AK + 2 
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9, 



= 0; 



(2) 



(2) (2) 



(^)S(2) := 2dr, ^ +2n -8TrGdr^ip<f2 - A'^D^Tk 



(2) 



(3) 



(2) 



(5-26) 

(5-27) 

1 .\ (2) 



- bHdr, -^-A + AK] W -[Hdr,-\- 2dr,n -\-m^-\--A] # 



= 0; 



^^2) (2) (2) / 1 

(^)i5;(4) := 0^ - ^ -- (z\ + 3if)-i (^A-'DW^nj - -r,'' 



0. 



(5-28) 



(5-29) 



For the vector-mode of the second order, we obtain a constraint equation and an 
evolution equation as follows: 



)E(5), := ^ul -2 {A + 2K)-^ [DiA-^D'^Fk - T^} 



0; 



(^)y(6), := d, (^a2 j - 2a2 (A + 2Ky' [DiA-^D^D^Fki - D'^Fki] 



0. 



(5-30) 



(5-31) 



For the tensor-mode of the second order, we obtain the single evolution equation as 
follows: 

(2) (2) 2 

:= (52 + 2Hdr, -\-2K-A) Xij -2^^ + -F^Hj 

+3 (^DiDj - ^7,,Z\^ {A + m)-^ (A-'D'D^rik - ^F,'^^ 

-4 {z?(i {A + 2Ky^ Dj^A-^D'^D^Tki - D^i {A + 2K)-^ D'Tj^k} 
= 0. (5-32) 
Herqe, Fq, Fi, and Fij in these expressions are defined by 

To := AttG (^(5^^i)2 + A<^i^Vi + "'(^O'^") 
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4:d^n ( ^ J -2 ^ <P -3Dk (p D'' <p -10 A ^ 
-3 9„ ^ - 16i^ [ <p\ - 8WM ^ 



(1) (1) 

--x'™^X«™+2^Xiix'™, (5-33) 

(1) (1) (1) (1) (1) (1) 
Fi := IGnGdnipiDiipi - 45^ <P Di <p +87i ^ Di ^ -8 <P dr^Di <p 

+2Z)-' ^ dr, Xji -2dr,D^ ^Xij 

-2^'7 A x'' - Xki d,D, x'" + x'' X^z, (5-34) 



(1) (1) (1) (1) 
-ADi ^ Dj <p -8 ^ DiDj <p 

( (1) .(1) (1) (1) / /(ir ^ 

(1) (1) (1) , (lA 

+167^2 ( ^ ) +im <P ^ -A <p d^^ <p\ -iij 



r. (1) „9 (1) h (1) t. (1) (1) 

47^9^ ^X*, -292 <?i,i -41)'^ ^ Z)(, x,)^ +4i?' <P Dfc x/, <pil, 

(1) (1) 1. (1) (1) (1) ^11 

(i; 

Xlk 



+5,, Xik Xj -D" Xii Dk Xj +^ Xii Xjk -^Di x Dj 



- DiD, x™' +2 x'™ ^z^(i X.H - X'™ Dr,,Di 

-- ISdr, Xlk Or, X -^Dk Xlm D X +2Dk Xlm D X 



(1) 

-AK^lLx'"']^,,. (5-35) 



Now, we consider the consistency check in the set of equations (l5-26p - (15-35p . 
First, we consider the consistency between Eqs. (|5-30p and (j5-3ip . Eq. (j5-30p comes 
from the momentum constraints in the Einstein equations, which is an initial value 
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constraint, and should be consistent with the evolution equations in the Einstein 
equations from general point of view. In this sense, Eqs. (j5-30p and (j5-3ip should be 
consistent with each other. Now, we explicitly check this. Through these equations, 
we obtain 

(2) / (2) \ 

W£;(6), -dAa^ Wi?(5)J 

= 2a2 {A + 2K)-^ {d,A-^D'' - 7, (a^A + 2^^ - D^Fki) 

= 0. (5-36) 

Therefore, the vector-part (j5-30p of the momentum constraint is consistent with the 
evolution equation (j5-3ip if the equation 

dr^Fk + 2nrk - D^Fik = (5-37) 

is satisfied. Actually, through Eqs. (l¥T6]l . (|¥T71) . (|¥2T]l . and (j¥23p . the left hand 
side of Eq. (j5-37p is given by 

d^Fk + 2Wrfc - D^Tik 

(1) (1) (1) / 92 \ (1) 

= -levrGa^DfcC^i C(/^) -4 ^ ('^^^(i) -16 ( a, + H + ^ j ^ 1)^ (^^^(2) 

(1) (1) 1 / (1) (1) \ (1) (1) (1) 
+2D^ CP -- ( A x'' +2 X^'' A j (^)i?(6)/, + X^' ^^)i?(6)fc^ • (5-38) 

Since the first-order perturbation ()4-24p of the Klein-Gordon equation is consistent 
with the Einstein equation as shown in Eq. (j4-26p . Eq. (j5-38p shows that the initial 
value constraint (j5-30p for the vector-mode of the second-order perturbation is con- 
sistent with the evolution equation (|5-3ip by virtue of the first-order perturbations 
of the Einstein equations. This is a trivial result from general point of view, because 
the Einstein equation is the first class constrained system. However, this trivial re- 
sult implies that we have derived the source terms Fi and Fij of the second-order 
Einstein equations consistently. 

Next, we consider the equation dOSD- Through Eqs. ([5^ and ([5221), Eq. (f?^ 
is given by 

(2) / 4 \ (2) (2) 

-2 f 2W + ^ ) {dr, + n) S -8^GaV2^ 
y o^f J Of 

a2 



+ 1^ j a, {A + SK)-' (^A-'DW'Fij - ^F,''^ 



+A-'DWT,j - f a^ - 1^ j A-'D^Fk. (5-39) 
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On the other hand, from Eqs. (j5-27p and (j5-29p . we obtain 

(2) (2) (2) (2) 

(^^£'(2) -2dr, (^^£(4) := 2dr, <P +2n <P -MGdr,<fip2 

+?,dn {A + ZK)-^ {a-^dW^j - ^r^^ 

= 0. 



) 



(5-40) 



Through Eq. (|5-40p and the background Klein-Gordon equation (|3-10p . the equation 
(]5-39p is given by 



This equation (j5-4ip shows that Eq. (|5-28p is consistent with the set of the back- 
ground, the first-order, and the other second-order Einstein equations if the equation 



is satisfied under the background and the first-order Einstein equations. Actually, 
we have already seen Eq. (j5-37p is satisfied under the background and the first- 
order Einstein equation. Taking the divergence of Eq. (|5-37p . we can easily confirm 
Eq. (j5-42p . Thus, the component (j5-28p of the Einstein equation is not independent 
of the set of equations (15-26p . (|5-27p . (l5-29p . and the first-order perturbations of the 
Einstein equation, i.e., Eqs. (j4-16p . (j4-17p . (j4-19p . As seen above, the component 
(|4-18p of the first-order Einstein equation is derived from the set of the equations 
(|4-16p . (j4-17p . (|4-19p and the background Einstein equations. This implies that the 
potential of the scalar field affects to the evolution of the system only through the 
background Einstein equations at least in the first order perturbations. We have also 
seen that the situation is also same even in the second-order perturbations, i.e., the 
potential of the scalar field affects to the evolution of the system only through the 
background Einstein equation even in the second-order perturbations. 

Thus, we have seen that the derive Einstein equations of the second order (j5-26p - 
(j5-35p are consistent with each other through the equation (j5-37p . This fact implies 
that the derived source term Fi and Fij of the second-order perturbations of the 
Einstein equations, which are defined by Eqs. ()5-34p and (|5-35p . are correct source 
terms of the second-order Einstein equations. On the other hand, for Iq, we have 
to consider the consistency between the perturbative Einstein equations and the 
perturbative Klein-Gordon equation as seen below. 

5.2.1. Consistency with the Klein-Gordon equation 

Here, we consider the consistency of the second-order perturbation of the Klein- 
Gordon equation and the Einstein equations. As shown in KN2008,^^ the second- 




(5-41) 



{dr, + 2n) D^Fk - DW'Fij = 



(5-42) 
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order perturbation of the Klein-Gordon equation is given by 

J2) ^ . (2) ^ ^ (2) 



C(^K) = -d^^2- 2'Hdr^tp2 + + dr, <P dn(p + 39^ dr^tp 

(2) dv , , 2 d'^y 



-2a' 4 ^ ((/j) - a V2 ^ (v?) + ^(i^) , (5-43) 
where the term ^(^k) is reduced to 

"(ii-) := '^Qr) drj(pi -\-8 <P A(pi -\-8 <P dri ^ dy^Lp 

(1) 

-4a2 <p Pig^i^) - a\ipif-^{p). (5-44) 

Here, we have imposed the Einstein equations (|4-19p and (|4-20p of the first order, the 
background Klein-Gordon equation (j3-10p . and its first-order perturbation (j4-24p . 

As in the case of Eq. (j4-26p for the first-order perturbation of the Klein-Gordon 
equation, we check the consistency of the second-order perturbation (|5-43p of the 
Klein-Gordon equation with the second-order perturbations (|5-26p - (j5-35p of the Ein- 

(2) (2) 

stein equation. Since the vector-mode z/j and the tensor-mode X ij of the second- 
order do not appear in the expressions (j5-43p nor (j5-44p of the second-order perturba- 
tion of the Klein-Gordon equation, we may concentrate on the Einstein equations for 
scalar-mode of the second order, i.e., Eqs. (|5-26p - (j5-29p with the definitions (j5-33p - 
(|5-35p of the source terms. Further, as shown above, the equation (j5-28p is not 
independent equation from the set of equations consists of the second-order pertur- 
bations of the Einstein equation (j5-26p . (|5-27p . (|5-29p . the first-order perturbations of 
the Einstein equation (j4-16p . (j4-17p . (j4-19p . and the background Einstein equations 
p-6p and (|3-7p . Moreover, as shown in ^ ^3.2l and l4.2.1t the background Klein-Gordon 
equation is also derived from the background Einstein equation, and the first-order 
perturbation of the Klein-Gordon equation is also derived from the background and 
the first-order perturbations of the Einstein equations. For these reason, the second- 
order perturbation of the Klein-Gordon equation should be also derived from the 
set of the equations which consists of the second-order perturbations of the Einstein 
equations (j5-26p . (|5-27p . (|5-29p . the first-order perturbations of the Einstein equa- 
tion (j4-16p . (j4-17p . (j4-19p . and the background Einstein equations (j3-6p and ([31 
Actually, as in the case of Eq. (j4-26p , we can easily derive the relation 



2 

-SirGa {driP) C{k) 




+ m]dr, + 2dr^rL - - 2n^ 



-2 ^ (d^ 
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+ 



(2) \ ^ (2) ^ (2) (2)\ 




dr,n + n-f- 



(0) 

3 



(1) 



(0) 



(2) 



+ Z\ + 2^ + 29^7^ 



(2) 



(2) 



m dr, - 2n 



dn^p 



(2) 



(4) 



+2 (5^ + n) (^)^(i) 



(5-45) 



where we have used Eqs. dM]), ([MD, (l5^ . (IF29D . and (IF26D . Equation ([FiSD 
shows that the second-order perturbation of the Klein-Gordon equation is consistent 
with the background, the second-order Einstein equations if the last two lines in 
Eq. (j5-45p vanish. Further, since A and Fij satisfy Eq. (j5-37p . the last line in 
Eq. (j5-45p vanishes due to Eq. (j5-37p . Therefore, we may say that the second-order 
perturbation of the Klein-Gordon equation is consistent with the background and 
the second-order Einstein equations if the equation 

2 {dr, + n)ro- D^Fk + nrf^^ + SnGdr^ipS^K) = O (5-46) 

is satisfied under the background and first-order Einstein equations. Actually, we 
can derive the relation 

(0) (0) \ 



(1) 
4 ^ 



(1) 



<P d.^ + 2 {d^ + 2n) <P 



3 



(1) 



(2) 



^ (1) ^ ■ 



(1) 
(K) 



c. 



dr, + A + 
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dr,(p 
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(1) (1) 

+4 x'' D,D,('^E^2) 




(1) 



■{6)lm 



= 0, 



(5-47) 



where we have used the background Einstein equation (j3-9p . the first-order pertur- 
bation (j4-24p of the Klein-Gordon equation, the scalar-part of the first-order per- 
turbation of the momentum constraint (j4-17p . the evolution equation (j4-16p of the 
scalar-mode in the first-order perturbation of the Einstein equation, and the evolu- 
tion equation (j4-2ip of the tensor-mode in the first-order perturbation of the Einstein 
equation. 

As shown in ^4.2. 1^ the first-order perturbation of the Klein-Gordon equation 
is derived from the background and the first-order perturbations of the Einstein 
equation. In the case of the second-order perturbation of the Klein-Gordon equation 
(|5-43p . we have derived the relation (j5-45p from the background Einstein equations 
(|3-6p and (|3-7p . the scalar-part of the second-order perturbation of the Einstein equa- 
tion (j5-26p . (|5-27p . and (|5-29p . These equations include the source terms Fq, Fi, Fij, 
and due to the mode-coupling of the linear-order perturbations. The equation 
(|5-45p gives the relation (j5-46p between the source terms /q, Fi, Fij, ^(k) and we 
have also confirmed that the equation (j5-46p is satisfied due to the background, the 
first-order perturbation of the Einstein equations, and the Klein-Gordon equation. 
Thus, the second-order perturbation of the Klein-Gordon equation is not indepen- 
dent equation of the Einstein equations if we impose on each order perturbations of 
the Einstein equation at any conformal time r]. This also implies that the derived 
formulae of the source terms Fq, Fi, Fij, and ^[k) ^-i^s consistent with each other. 
In this sense, we may say that the formulae (|5-33p ~ (j5-35p and (j5-44p for these source 
terms are correct. 



In summary, we derived the all components of the second-order perturbation 
of the Einstein equation without ignoring any modes of perturbation in the case 
of a perfect fluid and a scalar field. The derivation is based on the general frame- 
work of the second-order gauge-invariant perturbation theory developed in the paper 
KN2003^) and KN2005.6) In this formulation, any gauge flxing is not necessary and 
we can obtain any equation in the gauge-invariant form which is equivalent to the 
complete gauge fixing. In other words, our formulation gives complete gauge fixed 
equations without any gauge fixing. Therefore, equations which are obtained in 
gauge-invariant manner cannot be reduced without physical restrictions any more. 
In this sense, the equations shown here are irreducible. This is one of the advantages 
of the gauge-invariant perturbation theory. 



§6. Summary and Discussion 
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The resulting Einstein equations of the second order shows that any types of 
mode-couphng appears as the quadratic terms of the hnear-order perturbations due 
to the non-hnear effect of the Einstein equations, in principle. Perturbations in 
cosmological situations are classified into three types: scalar-; vector-; tensor-types. 
In the second-order perturbations, we also have these three types of perturbations as 
in the case of the first-order perturbations. Further, in the equations for the second- 
order perturbations, there are many quadratic terms of linear-order perturbations 
due to the nonlinear effects of the system. Due to these nonlinear effects, the above 
three types of perturbations couple with each other. 

Actually, the source terms Iq, i^, Fij, Sq, and Si defined by Eqs. (|5-9p - (|5-lip . 
(|5-13p . and (|5-18p in the perfect fluid case include all types of mode-coupling, i.e., 
the scalar-scalar; the scalar-vector; the scalar-tensor; the vector-vector; the vector- 
tensor; the tensor-tensor types. Since we concentrate only on the case of a single 
perfect fluid, there is no anisotropic stress in the energy momentum tensor and 
we have Eq. (|4-4p . This equation is imposed in the definitions (j5-9p - (j5-lip . For 
this reason, the resulting Einstein equations are simpler than those in the case of 
the fluid with anisotropic stress and the source terms in Eqs. (j5-9p - (|5-lip are not 
generic form in this sense. Even in this simple case, Eqs. (j5-9p - (j5Tip . (j5T3p . and 
(|5-18p include all types of mode-coupling. Thus, we should keep in mind that all 
types of mode-coupling may occur in some situations. However, we may neglect 
vector- and tensor-modes of the linear order in many realistic situations because 
these modes rapidly decay due to the expansion of the universe. If we take these 
behaviors of each mode into account, the source terms Eqs. (j5-9p - (j5-lip . (|5-13p . and 
(|5-18p become simpler. 

In the case of the single scalar field, the vector-mode of the linear order vanishes 
due to the first-order perturbation of the momentum constraint. Further, we also 
have Eq. (j4T9p . Due to these two facts, the source terms Iq, i^, Fij, and Sf^j^-j, which 
are defined Eqs. (|5-33p ~ (j5-35p and (j5-44p . are simpler than those in the case of a per- 
fect fluid. As a result, the source terms (|5-33p - (j5-35p shows the mode-coupling of the 
scalar-scalar; the scalar-tensor; and the tensor-tensor types. Since the tensor-mode 
of the linear order is also generated due to quantum fluctuations during the inflation- 
ary phase, the mode-coupling of the scalar-tensor and the tensor-tensor types may 
appear in the inflation. If these mode-coupling occur during the inflationary phase, 
these effects will depend on the scalar-tensor ratio r. If so, there is a possibility that 
the accurate observations of the second-order effects in the fluctuations of the scalar- 
type in our universe also restrict the scalar-tensor ratio r or give some consistency 
relations between the other observations such as the measurements of the B-mode 
of the polarization of CMB. This is a new effect which gives some information of the 
scalar-tensor ratio r. 

Further, we have also checked the consistency between the second-order pertur- 
bations of the equation of motion of matter field and the Einstein equations. In the 
case of a perfect fluid, we considered the consistency between the second-order per- 
turbations of the energy continuity equation, the Euler equation, and the Einstein 
equations. As a result, we obtain the consistency relation between the source terms 
in these equations Fq, Fi, Fij, Sq, and Si which are given by Eqs. (|5T5p and (|5-24p 
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with Eq. (j5-22p . We also showed that these consistency relations between the source 
terms are satisfied through the background and the first-order perturbation of the 
Einstein equations. This implies that the set of all equations are self-consistent and 
the derived source terms /q, I^, Fij, Sq, and Si are correct. We also note that these 
results are independent of the equation of state of the perfect fluid. 

In the case of a scalar field, we checked the consistency between the second-order 
perturbations of the Klein-Gordon equation and the Einstein equations. As in the 
case of a perfect fluid, we have also obtained the consistency relation between the 
source terms in these equations /q, i^, Fij, and ^(j^) which are given by Eqs. (|5-37p 
and (j5-46p . We note that the relation ()5-37p comes from the initial value constraint 
in the Einstein equations of the second order by itself, while the relation (j5-46p comes 
from the second-order perturbation of the Klein-Gordon equation. We also showed 
that these relations between the source terms are satisfied through the background 
and the first-order perturbation of the Einstein equations. This implies that the set 
of all equations are self-consistent and the derived source terms /q, il, ilj, and ^(x) 
are correct. We also note that these relations are independent of the details of the 
potential of the scalar field. 

Thus, we have derived the self-consistent set of equations of the second-order 
perturbation of the Einstein equations and the evolution equation of matter fields in 
the cases of a perfect fluid and a scalar field, respectively. Therefore, in the case of 
the single matter field, we may say that we have been ready to clarify the physical 
behaviors of the second-order cosmological perturbations. The physical behavior 
of the second-order perturbations in the universe filled with a single matter field 
will be instructive to clarify the physical behaviors of the second-order cosmological 
perturbations in more realistic situations. We leave these issues as future works. 
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Appendix A 

Perturbations of energy momentum tensors 

Since we consider the perturbations of the Einstein equations, we summarize 
the components of the perturbations of the energy momentum tensor for a perfect 
fluid and a scalar field. Though the ingredients of this section are already given in 
KN2007'^) and KN2008,^) we show again these components to summarize the explicit 
definitions of the perturbative variables which are necessary in the main text of this 
paper. 
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A.l. Perfect fluid 

Here, we consider the perturbative expressions of the energy momentum tensor 
for a perfect fluid. The total energy momentum tenor of the fluid is characterized 
by the energy density e, the pressure p, and the four- velocity u"", and it is given by 

(pyTj = {e+p)uau'+p6j. (A-1) 

Since e, p, and Ua are variables on the physical spacetime A4, these variables are 
pulled back to the background spacetime through an appropriate gauge choice Xx 
to evaluate these variables on the background spacetime. We expand the fluid com- 
ponents e, p, and Ua in Eq. ()A-ip as follows: 

(1) 1 o (2) o 
(1) 1 (2) 

p:=p + x'p' +ix^'p' +0{X^); (A-3) 

(1) 1 , (2) 

Ua ■.= Ua + X (Ua) +-X^ K) +0{X^). (A-4) 

Following to Eqs. (j2-15p and (j2-16p . we define the gauge- invariant variable for the 
perturbations of the fluid components e, p, and Ua- 

(1) (1) (1) (1) (1) (1) 

g:=e -£xe; V-=P -£xp; Ua:={ua) -£xUa; (A-5) 
£::=e -2£x e -ji^y-^xje; P:=^^ -2£x P -{£y-£x)V] (A-6) 

(2) (2) (1) 

where the vector fields Xa and 1^ are the gauge-variant parts of the first- and 
second-order metric perturbations, respectively, and these vector fields are defined 
in Eqs. and (l2^ . 

Components of the background value and the first- and the second-order per- 
turbations of the fluid four-velocity are summarized as 

Ua = -a{dr])a, (A-8) 

(1) (1) / (1) 

Ua = -a^ {dr,)a + a A V + Vj {dx')a, (A-9) 

(2) (2) / (2) (2)\ 

Ua = Urt {dri)a + a A V + Vj (dx')a, (A-10) 



where 



. (1) . (2) 

A V, = 0, A Vi= 0, (A-11) 
^ = a <^ U> - ^> - A V + Vi - W Ld* V + V* - z^M L (A-12) 
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Here, we have used the normahzation conditions of the four-velocity g"'^UaUa = 
g^-^UaUi) = — 1, and its perturbations. 

The perturbative expansion of the energy momentum tensor (|ATp is given by 

(1) . (2) 

(p>r/ =: (p>r/ + A (p>r/ +-x^ (p>r/ +o{\^). (a-i3) 

The background energy momentum tensor for a perfect fluid is given by 

T/ = euav'+p{5j' + uav") (A- 14) 

= -e(dr?)a (1^) +P7a', (A-15) 

where we have used 



C = (rf^)a(^^J +7a, (A-16) 
and 7af, := 'yij{dx')aidx^)b, la ■= ii\dx')a{d / dx^f . 

(1) (2) 

The first- and the second-order perturbations (p^T^^ and ^P^T^^ of the energy 

momentum tensor are also decomposed into the form as Eqs. ()2T5p and pT6p . 
respectively, i.e., 

(1) (1) 

(^>r/ =: (p>r/ +£x(^>r/, (a-i7) 

(2) (2) (1) 

(p)tJ =: ^ +2£x (^^a^ + {£y- £\] ^^K^- (A-18) 

(1) 

Here, the components of the gauge-invariant parts '-P^ ^ of the first order are given 
by 



(1) 



(1) 



(^)T/ = -^, (A- 19) 

(P>r^ i = -{e + p)[D' V +V' (A-20) 



(1) 



(1) , « 



(f)7:^ = (e + p) j^A V + Hj, (A-21) 

(1) (1) 

ip)T^3 = rS,', (A.22) 

(2) 

and the components of the gauge-invariant part ^^-^ ^ of the second order are given 
by 

r ^ (2) / (1) / . (1) 
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. / (2) (2) (1) (1) {1)(1)\ 

+ (e + p) A V + Vi-2<p Di V -2 0Vi\, (A-24) 
(2) /(u n)\ ( M^ (1) 



r . (2) (2) / 

+ (e + <^ -D' V - V + iy' -2<p Id' V + V 

+2 (^-2 [d, + v] - 1^]^ I , (A.25) 

(2) / / m (2) 

(f)?: ^ = 2 (e + p) A V v + -un + r 5,'. (A-26) 

A. 2. Scalar fluid 

Next, we summarize the gauge-invariant variables for the perturbations of a 
scalar field. The energy momentum tensor of the single scalar field is given by 

' = t'Va^Vc^ - (g'^Vc^Vd^ + 2V{^)) , (A-27) 

where V{ip) is the potential of the scalar field (p. Since we shall consider a homoge- 
neous and isotropic universe with small perturbations, the scalar field must also be 
approximately homogeneous. In this case, the scalar field (p can be expanded as 

^ = V? + A(^i + ^A^a + 0(A3), (A-28) 
where 99 is the homogeneous function on the homogeneous isotropic universe, i.e., 

^ = V>{V)- (A-29) 

The background energy momentum tensor for the scalar field on the homogeneous 
isotropic universe is given by 

T/ = V,(^VV - ^Sj (V,(^VV + 2y(<^)) (A-30) 

^id,^f + idr^)a (1^)' + [-^{dv^f - Vi^)^ 7.^(A-31) 

The energy momentum tensor (jA-27p can be also decomposed into the background, 
the first-order perturbation, and the second-order perturbation: 

r/ = T/ + A«(T/) +iA2(2)(r/) +0(A3), (A.32) 
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where ^""^^ i^a^^ is linear in matter and metric perturbations (pi and /lab, and (^'a'') 
includes the second-order metric and matter perturbations lab and ip2 and quadratic 
terms of the first-order perturbations (pi and hab- 

As in the case of the perfect fluid, each order perturbations of the scalar field ip 
is decomposed into the gauge-invariant part and gauge- variant part: 

(pi =: ipi + £x^p, (A-33) 
^2=:y^2 + 2£x0i + {£Y- £x)'P, (A-34) 

where <pi and (p2 are the first-order and the second-order gauge-invariant perturba- 
tion of the scalar field. 

The perturbed energy momentum tensor of each order also decomposed into the 
gauge-invariant and gauge- variant parts as (j2-15p and (j2-16p . Through Eqs. (|2-7p . 
UTTTh . and (IXMl) . we can decompose the perturbations {T^'') and (2) (tJ) 

of the energy momentum tensor as 

W(t/)=:(i)t/ + £xT/, (A.35) 
(2) (r/) =: (2)T, ' + 2£x'^'^ (tJ) + {£y- £\) tJ. (A.36) 



Further, through the components (j2-9p of the gauge-invariant part of the first- 
order metric perturbation, the definition (|A-33p of the first-order perturbation of 
the scalar field, and the homogeneous condition ()A-29p for the background field, the 
components of the first-order perturbation of the energy-momentum tensor of the 
scalar field are given by 

^'^v = [d^^dr,^!- S (5^(^)2 + a^l^v^ij , (A-37) 

1 / \ 

' = ^^nV ^Vi+ d^ip , (A-38) 

' = -^D,ip,d^^, (A-39) 



' = {^r,<^5,V^i- (9,¥P)2 - a'l^V^i} - (A-40) 

Finally, we summarize the components of the gauge-invariant part of the second- 
order perturbation of the energy momentum tensor for a scalar field. Through the 
components (12-90 and ()2-13p of the gauge-invariant parts of the first- and the second- 
order metric perturbations, the definitions (|A-33P and ()A-34p of the gauge-invariant 
variables for the first- and the second-order perturbations of the scalar field, and 
the homogeneous background condition ()A-29p . the components of the second-order 
perturbation of the energy-momentum tensor for a single scalar field are given by 



2 
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(A.41) 
(A-42) 



(2)7- i 



(2>r i = ± 
* a2 



/ (1) . (H \ 

/(2) (i)(l) (i)(l) WnA] 

lu' -A<p +4 1^/ 1/^ -2 x'^'vi , (A-43) 
|+<9^V5 {dri'f2 - 4 y dj^^pi - 2 z^,^ -DVi^ 



-a ip2 



(A-44) 



1) 
2) 
3) 



4) 



5) 
6) 
7) 



9) 
10) 

11) 

12) 

13) 
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